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An analytic formula for the sensitivity of singular value peak variation with respect to parameter variation is
derived. As a corollary, the derivative of the //«, norm of a stable transfer function with respect to a parameter
is presented. It depends on the first derivative of the transfer function with respect to the parameter. If the
transfer function has a linear system realization whose matrices depend on the parameter, then an analytic
formula for this derivative is derived, and an efficient algorithm for calculating the //<» norm sensitivity is
described. Examples are given that provide numerical verification of the //oo norm sensitivity formula and that
demonstrate its utility in designing control systems satisfying //oo norm constraints.

I. Introduction

FOR the past decade, the Hx norm has been and currently
is widely used in the analysis and design of linear feedback

control systems. A selection of recent papers that use the
//oo norm for robust control is given in Ref. 1. The reason
for its popularity has been mainly the need to address multi-
variable control systems whose characteristics can be con-
veniently described by frequency-dependent singular values
of various transfer function matrices (Ref. 2, Chap. 2 and
Ref. 3). Physically, the //«, norm can be interpreted as the
worst case or the largest value of the function matrix and is
naturally suited to describe the worst case disturbance, uncer-
tainty, or a performance specification for a linear system.

Currently, the standard //«, control problem is well under-
stood (see, for example, Ref. 2, Chap. 3), and a reliable nu-
merical algorithm is available to obtain minimum //«, norm
control.4 However, no method has yet been reported in the
open literature that would optimize //«, norm with respect to
plant parameters or a combination of plant parameters and

controller gains. In this paper, we present an analytical for-
mula for the sensitivity of the //«, norm so that //« norms can
be optimized directly via nonlinear programming with respect
to arbitrary parameters including plant parameters if neces-
sary. It should be noted that, as in any sensitivity analysis, the
sensitivity of the //«, norm by itself does not guarantee any-
thing. However, it can be a useful tool for the analyst or the
designer to efficiently influence or improve judiciously chosen
//oo norms whose values directly quantify various system prop-
erties of interest such as stability robustness or nominal perfor-
mance. Obviously, the main payoff in using an analytical for-
mula is that it eliminates the need to differentiate the H^ norm
numerically, which means that the norm need not be computed
so accurately, resulting in computational savings. This savings
is particularly true since the //oo norm computation is an itera-
tive process.

In Sec. II, we determine an analytic formula for the sensitiv-
ity of a singular value peak to parameter variation. The sensi-
tivity of the //oo norm to parameter variation is found by
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applying this formula to the dominant peak. However, the
information for other peaks can be useful, for example, in the
context of optimization.

For example, if the //«, norm of a transfer function is the
objective or an active constraint in an optimization procedure,
then the optimization itself will tend to reduce the dominant
peak of the singular value curves. Other peaks, not being
influenced by the optimization procedure, can be expected to
increase. Ultimately, two or more peaks will be codominant.
At such a point, the //«, norm will have a derivative discon-
tinuity. Numerically, this discontinuity can express itself as
bad derivative information going into the optimization proce-
dure's calculation of a search direction, resulting in a bad
search direction. This can lead to premature indications of
convergence.

One ad hoc fix for this problem is to track peaks of the
singular value curves individually and use each peak value as
a constraint, or, in the case that minimal //«, norm is the
objective, using these several peak values in a multi-objective
minimization scheme. For this, we need knowledge of sensitiv-
ity of each peak height to parameter variation.

To clarify the phrase "sensitivity of a singular value peak
to parameter variation/' we let G be a complex matrix-valued
function of two real variables x and p. We consider the singu-
lar values of G as a function of x and determine the sensitivities
of the peak values (local extrema) with respect to variation of
p. Although this is related to the sensitivity of singular values
to parameter variation, formulas for which are known (see
Ref. 5, Theorem 1), it is complicated by the need to take into
account the sensitivity 'with respect to parameter variation of
the point at which the peak occurs. Dealing with this complica-
tion occupies a substantial fraction of Sec. II. Ultimately,
these sensitivities depend on some singular vectors of G(x,p)
and the first derivative of G with respect to p.

In control system design, a common object, whose H^ norm
is considered, is the transfer function of a linear system, which
is realized by matrices that depend on one or more design
parameters. So in Sec. Ill, if

value decomposition (SVD) of G is a factorization

a formula for the first partial derivative of G with respect to
p is determined in terms of the derivatives of A, B, C, and D
with respect to p. Suggestions are given on how to modify
existing software to use this to efficiently calculate singular
value peak sensitivity.

In Sec. IV we present two examples that illustrate the sig-
nificance of the Hx norm and its sensitivity in the context of
two familiar linear feedback control systems. The first exam-
ple is concerned with a numerical verification of the sensitiv-
ity formula through a comparison with sensitivities based on
numerical differencing. The physical significance of the H^
norm whose sensitivity is computed is self-evident for the sin-
gle-loop control system. The second example is concerned with
a demonstration of the usefulness of the analytical formula in
the context of a stability robustness optimization problem. It
is shown that through a redesign of an initial controller that
makes the closed-loop system initially unstable (much less ro-
bust), robust controllers that yield stable closed-loop systems
can be obtained by a simple numerical optimization proce-
dure. The iterations for the redesign will clearly indicate that
the optimization amounts to a tradeoff between nominal per-
formance and robustness of the feedback control system.

Notation. Denote the real (respectively, complex) num-
bers by R (respectively, C), so that, for example, real vectors
of length n are in Rn and complex k by n matrices are in Ckxn.

Definition 1. By a real domain we mean a nonempty con-
nected open subset of the real numbers; i.e., a nonempty open
interval, one or both of whose endpoints may be infinite.

II. Derivation of d\\G\\»/dp
Definition 2 (SVD): Let G be a kxm matrix of real or

complex numbers. Denote min(k,m) by /. Then a singular

(1)
where E = diagfo , . . . ,a/) is a real kxm diagonal matrix with
d! > a2 > • • • > a/ > 0, U and V are unitary matrices (UHU = 7
and VHV = I where H denotes conjugate transpose and / is the
identity matrix) of dimensions k x k and mxm, respectively,
which are real if G is real and complex if G is complex. The
diagonal elements of L are called the singular values of G. A
singular value a/ is simple if for j ^ i then also a/ ̂  a/ . Column
/ of U (respectively, V) is called the left (respectively, right)
singular vector of G corresponding to 0,.

The SVD always exists. The proof given in Ref. 6, Theorem
2.5.1 for the real case extends directly to the complex, or see
Ref. 7 for an eigenvalue-based proof.

Definition 3: Assume G :XxP-~ Ckxm is a real analytic
complex matrix valued function of two real variables where
X and P are real domains. For each fixed p € P we consider
the singular values of G(x,p) as a function of x. By a sim-
ple singular value peak of G for p, we mean a point
(x,o(G(x,p))) where a is a simple singular value of G(x,p)
and the function sp , defined by sp(x) = a(G(x, p ) ) , has a local
maximum or nonzero local minimum at x.

We will derive a formula for the sensitivity of a to variations
in p where, as p varies, x also varies to track the peak.

Definition^' Let G :S^C^Ckxm be a matrix valued
function of a complex variable whose domain S includes the
imaginary axis. Then the H^ norm of G is denoted by UGH*,
and defined to be

(2)

where o\ denotes the maximum singular value as in Defini-
tion 2.

Now assume G : SxP-+Ckxm where S is as above and P
is a real domain. As a corollary of the peak sensitivity formula,
we derive a formula for d||G(-, p)||oo/d/?, the derivative (sensi-
tivity) of this norm with respect to variation of a parameter.
Some fairly general conditions will be given under which this
formula holds.

To begin with, we recall the following result:
Theorem 1. Let pQ£Rn and let G be a complex matrix

valued function that is real analytic in a neighborhood of p0.
Let a be a nonzero simple singular value of G(p0). Then there
is a function o( •) that is real analytic on a neighborhood (P of
po such that for/? £ (P, o(p) is a simple singular value of G(p).

Proof. This result follows by applying Ref. 5, Lemma 1
to the case of a simple singular value, or see Ref. 8, Theorem
1.1. n

This allows us to track singular value peaks analytically.
Definition 5: Let X and P be real domains, and let

G :XxP-*Ckxm.If (PcP,(Pisareal domain, and/: <5>-+X,
then / is called a singular value peak tracking function if for
each p 6 (P, (/(/?), a(G(f(p),p))) is a simple singular value
peak of G for p.

Theorem 2. Let X, P, and G be as in Definition 5, and
suppose G is real analytic. Suppose that for fixed pQ 6 P and
xQ £X, (x0,(j(G(xo,po))) is a simple singular value peak of

Q) for p0. SuppOSC

(3)dx2

Then there exists a unique singular value peak tracking func-
tion/on some neighborhood & of/?0 such that/(/70) = x0, and
/is real analytic. In addition

(4)
dpdx

dp
dx2
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Proof. We will apply the Implicit Function Theorem to
show that the function / is defined implicitly by solving the
equation

plying out, we get

da(G(x9p))
dx

= 0 (5)

for x and imposing the condition that f ( p o ) = x0. Since G
is real analytic, Theorem 1 provides the necessary partial deriv-
atives. The "simple singular value peak" hypothesis gives us
the boundary condition. Since we have Eq. (3), the Implicit
Function Theorem applies to show that/exists, is unique, and
is differentiable; and its derivative is given by Eq. (4). Real
analyticity follows since df/dx is a ratio of real analytic func-
tions. Since / satisfies Eq. (5), do(G)/dx is zero at (/(/?), /?).
It follows from Eq. (3) that, for/? in some neighborhood of pQ

82a(G(x,y))
dx2

keeps the same sign, so sp : x—>a(G (*,/?)) has a local extre-
mum at x =f(p) of the same sense that sPo has at xQ=f(p0).

D
We can now use the function / of the previous theorem to

track a simple singular value peak of G as we vary p. As p
varies, so does the singular value peak height a(G (/(/?), /?)),
and it is the sensitivity of this last quantity to variation in p
that we wish to determine.

Theorem 3. Let X and P be real domains and let G : X
xP-+Ckxm be real analytic. Suppose/?0 € p» (P CP is a neigh-
borhood of PQ, and/ : (?^X is a real analytic singular value
peak tracking function for one of the singular values a of G.
Define H by

(6)

Denote/(p0) by XQ. Let u and v be, respectively, left and right
singular vectors of G(XO,PQ) for the singular value
a(G(xQ9p0)). Then

,dp
JdG(f(p),p)\\ dp (7)

where (R denotes the real part of a complex number. Further-
more,

d G ( f ( p ) , p )
P=PO dx dp (8)

Remark: dff(pQ)/dp is the sensitivity of the simple singu-
lar value peak o(G(xQyp0)) to variation in p.

Proof. Equation (7) follows from Ref. 5, Theorem 1.2.
Equation (8) is an application of the chain rule. D

As a corollary to this, we obtain a singular value peak sensi-
tivity formula.

Corollary 1. Let X and P be real domains and let G : X
xP^Ckxm be real analytic. Suppose p0 €P and XQ £X are
such that (jt0,a(G(x0, Po))) is a simple singular value peak for
G and that d2a(G(*0>Po))/d.x2^0. Suppose that u and v are
the left and right singular vectors of <j(G(x0,Po))- Then the
sensitivity of a(G(x, p)) to variation in p at p0 as x tracks the
singular value peak that passes through (x0, a(G(AT0,Po))) is

<R U \ dp (9)

Proof. By Theorem 2, there exists a peak tracking func-
tion/that interpolates (x09p0). Theorem 3 then applies. De-
fine Has in Theorem 3 by Eq. (6). Then the desired sensitivity
is given by Eq. (7). Substituting Eq. (8) into Eq. (7) and multi-

dp J dp

dp
By Ref. 5, Theorem 1.2

dx dx

But, since as a function of x, a(G(x,po)) has a peak (local
extremum) at jt0, d(j(G(x0,po))/dx = Q, and it follows that
Eq. (9) is the desired sensitivity. D

As a special case of Corollary 1 , we now obtain the analytic
formula for the sensitivity of the Hx norm to parameter vari-
ation. Unfortunately, it is necessary to state the corollary with
some awkward hypotheses to be sure to include some very
important cases.

The trouble we are trying to avoid is the following: given p0,
if o>i and w2 are distinct real numbers for which

and if the sensitivities of the singular value peaks of G at the
two w to variation of p are different, then the //«, norm of
G has a derivative discontinuity at p0 , so the hypotheses of
Corollary 2 must exclude this case. However, in what may be
the most interesting case for applying this result, the H^ norm
is achieved at two distinct values of co. This is the case that
G(s,p) is a complex-analytic function of the complex variable
5 and is real-valued for values of s on the real axis. In this case,
G(-ju,p) is the complex conjugate of G(y'co,p), and so has
the same singular values. This does not harm the differentiabil-
ity of the //a, norm since, in this case, the sensitivities of
singular value peaks to p -variation at ±03 are also the same.
To accommodate this case, one can choose E C [0, oo) in Cor-
ollary 2.

Another phenomenon that could cause a derivative disconti-
nuity in the //<* norm is, if for some finite coi and some choice
of the ± sign

To avoid this, we assume that G rolls off below its //«, norm
at infinite frequency uniformly over p in some neighborhood
of PQ. With this assumption, we may assume that E is com-
pact, so the "sup" in the definition of //«, norm becomes
"max."

Corollary 2. Let S C C contain the imaginary axis jR and
let P be a real domain. Let G : S xP-^Ckxm be real-analytic
onjR x P. Assume that there exists a compact EcR such that
for all p € P

Let co( /7)={w€£: | |G(- ,p) | | 0 0 = a1(G(yco,/7))}. F ix /7 0 €P .
Assume that there is a neighborhood (P of p0 such that for
/? € (P, co(/7) contains exactly one element. Denote the single
element of co(/?0) by ^o and assume that co0 is an interior point
of E, that oj is a simple singular value of G(y'coo,/?o)> and that

Then (co0, a\(G(juQ, Po))) is a simple singular value peak of
G(j • , • ) forpo and d||G(-,/70)||oo/d/7 exists and is equal to the
sensitivity of the singular value peak at (co0,Po)-

Proof. a\ (G(co, pQ)) has a global maximum at a? = a)o> an<3
a\ is assumed to be a simple singular value. Therefore,
(co0, tfi(G(y'coo,/?o))) is a simple singular value peak of G(j - , •)
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for PQ. Theorem 2 applies to show that there is a unique
peak-tracking function/interpolating (COO,PO). It follows that,
in their common domain, co(P) = {/(p)). Since \ \ G ( j ' 9 p ) \ \ ^
= ai(G(/(p),p)), the remainder of this corollary follows
from Corollary 1. D

III. Derivatives of a Linear System Transfer
Function Matrix

As mentioned in Sec. I, contemporary multivariable control
system design techniques are often interested in the H& norm
of the frequency response matrix of a linear system. This di-
rects our interest to the behavior of the transfer function ma-
trix on the imaginary axis. If the matrices that constitute a
realization of the system depend on a parameter, this takes the
form

(10)

The //oo norm sensitivity of G was expressed in Corollary 2
in terms of the singular value peak sensitivity of G, which was,
in turn, expressed in Corollary 1 in terms of the singular vec-
tors of the maximum singular value and dG/dp. In this sec-
tion, we develop an expression for this partial derivative of
the G given in Eq. (10) and indicate how to modify existing
software for the efficient evaluation of G to also evaluate the
singular value peak sensitivity. We first recall some elementary
differentiation formulas for matrices.

Theorem 4. Let A and B be differentiable (i.e., element-
wise differentiable) matrices of a real or complex variable p
and denote dA /dp and dB/dp by A' and B'. Then for n >0

d(AB)
dp

= A'B +AB'

dp

and

dp
= -A~nA'A-1 -;

(11)

(12)

-A-lA'A~n

03)
Remark: Recall that, in general, matrix multiplication

does not commute. This observation applies to the product of
a matrix and its derivative. Therefore, the order of factors
must be strictly observed in these formulas. This is why the
formulas for the derivatives of matrix powers are not nearly as
nice as the corresponding scalar formulas.

Proof. Equation (11) is proved by differentiating individ-
ual entries of AB. Equation (12) follows from Eq. (11) by
induction on n. Equation (13) is derived by applying Eq. (11)
to the identity

substituting Eq. (12) in the result, and solving for
d(A~")/dp. D

Theorem 5. Let G be given by Eq. (10). Suppose that A ,
B , C, and D are differentiable functions of p. Denote the
derivatives by A', etc. Then

—dp
D' (14)

Proof. One easily determines that d(jul-A)/dp = —A'.
The rest follows by application of Theorem 4. D

Remark: Other derivatives such as dG/dco and 82G/du>2,
which are potentially useful in locating simple singular value
peaks and, in particular, in calculating the //«, norm, follow
similarly from the observation that d(jwI-A)/dw=jI.

Laub9 provides an efficient way to calculate G as given by
Eq. (10) for a fixed value of p and multiple values of o>. We
outline the Laub algorithm here and indicate the changes to it
that will also improve the efficiency of the calculation of the
sensitivity of a simple singular value peak. In the following, we
understand A , B, C, and D to be evaluated at a fixed value of
p, and suppress reference to it.

Laub's idea is to find an equivalent representation of the
linear system transfer function matrix for which the compu-
tation is more efficient. Specifically, given A , B, and C, Laub
shows how to find A, B, and C such that A is lower Hessen-
berg (i.e., zero below the first subdiagonal) and

C(sI-A)-lB = C(sI-A)-lB

Both of these expressions have the form SH~1T. The calcula-
tion of this commonly starts by factoring H into triangular
factors (actually, one of the factors may incorporate pivoting
information, but this does not materially affect the amount of
calculation done). If His n xn and fully populated, this takes
0(n3) operations. However, if H is Hessenberg, Laub pro-
vides software that can do this in 0(n2) operations. Applying
this to (si -A)~1 as s varies provides the efficiency of Laub's
algorithm.

A typical application involving //«, norm sensitivity might
start by determining the H^ norm of G(• ,p) for fixed/?, which
is now a vector of parameters. This determination could re-
quire evaluation of G(yo>,p) for multiple values of co, so that
the Laub transformation of the A, B, and C matrices would
already have been done. Furthermore, knowledge of the first
two co derivatives of the maximum singular value of G(yco,p)
could be useful in finding the H<» norm. This in turn requires
the first two co derivatives of G (see the Remark after Theorem
5). To make use of calculations already done by the Laub
software, it must be modified to return the triangular factor-
ization of (jul —A) to the user.

Then, to calculate the derivative of G used in the H& norm
sensitivity formula, the transformation T used by Laub to
convert A, B, and C into A, B, and C must be retained for
application to the matrices dA /dp/, etc. Also, given the trian-
gular factorization of a Hessenberg H, the Laub software
includes a subroutine to calculate H~ lb for a column vector b.
This subroutine is descended from a Linpack routine that can
also calculate cH~l for a row vector c. This capability should
be restored to the Laub version.

The calculation now proceeds using the formula for H^
norm sensitivity that results from substituting Eq. (14) into
Eq. (9) and multiplying out. Each term has the form uHMv,
where M is a matrix product of factors such as C, B9
(juI-A)'1, A', B\ C", D', and T and T~\ where A
= T~lAT.By calculating from the ends toward the middle, all
operations are matrix-vector operations, which are more effi-
cient than matrix-matrix operations. The multiplication by A',
B', C', or D' is saved to last. That way, if there are several
parameters for which the H^ norm sensitivity is to be com-
puted, all of the other calculations are done once and reused
with each new set A' = dA /dpi, etc., of system sensitivity ma-
trices. Additional efficiencies are obtained by identifying com-
mon subexpressions, judicious switching between real and
complex arithmetic, and, if dG/du has been computed previ-
ously, use of intermediate results from that calculation.

IV. Applications to Control System Design
In this section, two numerical examples are given. The first

example is concerned with validating the analytical formula
for the //a, norm derivative by comparing it to finite-difference
derivatives. The H^ norm, whose derivatives are computed, is
motivated by a typical single-input, single-output (SISO) con-
trol design problem. The second example is given to demon-
strate how the sensitivity formula could be used to improve a
property of a linear feedback system by redesigning the con-
troller. The improvement is concerned with stability robust-
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ness with respect to unstructured additive uncertainties of a
typical flexible structure.

A. Validation of Analytical Formula
To provide numerical evidence of the validity of our analytic

formula for H^ norm sensitivity, we use a SISO system con-
sisting of a simple damped oscillator with a proportional-inte-
gral (PI) controller (see Fig. 1). The transfer function matrix T
from (r,v) to (e,w) captures various physical properties of the
feedback system (see, for example, Ref. 10, Chap. 3). Its H^
norm measures the effects of plant variation and command
input on control effort and tracking error, so a designer might
well want sensitivity information to help in adjusting this.

The state equations describing this feedback system are
given as follows:

Table 1 Comparison of //<* norm sensitivity

0 1 0

-kj

The parameters appearing previously are given by

(co0 £0 W kP kj) = (5 0.01 1.0 0.01 0.05) (15)

The transfer function matrix from (r,v) to (e,w) is written as
T(s,kp,kr), where s denotes the Laplace variable, and kp and
ki are the design parameters. Note that the plant parameters co0
and £0 could have been included.

A central difference formula is used with forward and back-
ward differences of 10 ~6, and the results are shown in Table 1.
The close agreement between finite-difference and analytically
computed values lends credibility to the analytical formula de-
rived herein.

B. Optimization for Stability Robustness
In this example, the analytical sensitivity formula derived

herein is applied to a control design problem involving distur-
bance attenuation of a large flexible structure using a linear
quadratic Gaussian (LQG) controller.11 A critical requirement

r +

w

klp + s

-H
e

*~ w

U

CO2

s2 + 2£0co0 + co2
yr

Fig. 1 Block diagram for SISO example.
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p— **

*•

KLQG ti
u

A

x = Ax + Bu
y = Cx + Du

+ 1-HI
w

/7
>— —— ̂

Sensitivity
Finite difference
Analytical

d||71/coo,£/>,£/)|l°°
dkP

67.397077713
67.397077786

3||:T(ycoo,A:/>,A:/)||oo
dkr

59.351268872
59.351268894

Fig. 2 Block diagram for MIMO example.

in the application of LQG control to a typical large flexible
structure is stability robustness. The robustness problem is
inevitable for various reasons, which include errors caused by
1) finite discretization of an infinite dimensional problem,
2) model reduction for computational and real-time imple-
mentability, 3) modeling inaccuracies due to inaccurate physi-
cal assumptions including nonlinearities, and 4) limitations on
system identification of the real system in the laboratory.
Among the various uncertainties that exist in the feedback
control system, we elect to investigate the stability robustness
with respect to the truncated higher frequency modes, i.e., the
spillover problem.

Figure 2 shows the block diagram of the feedback control
system. The plant G consists of a reduced-order model of a
finite element model of the Control-Structures Interaction
Evolutionary Model (CEM). The details of the CEM are given
in Refs. 12 and 13. The control design model consists of 22
states with 8 acceleration outputs and 8 thruster inputs. The 22
states correspond to the lowest 11 structural modes, and the
remaining modes are truncated.13 The objective of the control
is to suppress vibration of the very lightly damped CEM struc-
ture using an LQG controller.

Given the regulator weights (Q,R) and estimator weights
(V,W), an LQG controller is obtained. As is typical, the initial
LQG controller may give suitable regulation performance
when the reduced-order model is used in the evaluation. How-
ever, an eigenvalue evaluation based on a full-order model
that consists of 25 structural modes showed closed-loop insta-
bility (see Fig. 5, initial design). This unacceptable instability
of the closed-loop system using the initial LQG controller is
not unexpected since the uncertain higher frequency dynamics
were not considered in the design. This is true even if the LQG
design is based on a full-order model that is assumed to be
known exactly, since uncertain higher frequency modes other
than the full-order modes will always exist for a large flexible
structure.14 In addition, the full-order model is generally not
well known, or, at best, difficult to obtain from laboratory
tests.

In this example we improve the stability robustness of the
controller with respect to the truncated uncertain high fre-
quency dynamics by introducing an unstructured additive un-
certainty A.15 Nonlinear programming is used to optimize the
stability robustness expressed as an H^ norm condition, i.e.,
the LQG controller is robustly stable with respect to unstruc-
tured additive model uncertainties if and only if

(16)

For a detailed description of the use of the previous condition
for the CEM structure, we refer the interested reader to Ref.
13. Our analytical formula for the //«, norm sensitivity is used
in the optimization. The design variables chosen for the ro-
bustness optimization are the diagonal and upper subdiagonal
elements of the Cholesky factor matrix L of the input co-
variance matrix so that

(17)

The number of design variables selected is 43. Figure 3 shows
the design strategy for updating the LQG controller to satisfy
the //oo norm robustness condition. The optimizer used is a
minimum norm correction or, equivalently, a steepest descent
approach. After each minimum norm correction, the estima-
tor Riccati equation is resolved and the H^ norm recomputed.
For each iteration, a single evaluation of the H^ norm and its
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Table 2 Open-loop eigenvalues Table 3 Closed-loop eigenvalues without //<» norm constraint

Re(X)
-4.62166-03
-4.68276-03
-4.87616-03
-2.29366-02
-2.34936-02
-2.74576-02
-4.62906-02
-5.46056-02
-5.91556-02
-7.23006-02
-8.91756-02
-1.26126-01
-1.26676-01
-1.32126-01
-1.37976-01
-1.72836-01
-1.94146-01
-1.95746-01
-2.03296-01
-2.09546-01
-2.31616-01
-2.60546-01
-2.81686-01
-3.92256-01
-5.29456-01

Im(X)
±9.24316-01
±9.36546-01
±9.75216-01
±4.58716+00
±4.69856+00
±5.49136 + 00
±9.25806 + 00
±1.09216+01
±1.18316+01
±1.44606+01
±1.78356+01
±2.52256+01
±2.53356+01
±2.64256+01
±2.75956+01
±3.45666+01
±3.88276+01
±3.91496+01
±4.06576+01
±4.19076 + 01
±4.63216+01
±5.21076 + 01
±5.63366 + 01
±7.84506+01
±1.05896 + 02

CO

9.24326-01
9.36556-01
9.75226-01
4.5872s +00
4.69866 + 00
5.49146+00
9.25816+00
1.09216 + 01
1.18316+01
1.44606 + 01
1.78356+01
2.52256+01
2.53356 + 01
2.64256+01
2.75956 + 01
3.45666+01
3.88276+01
3.91496+01
4.06586+01
4.19086 + 01
4.63226+01
5.21086+01
5.63376+01
7.84516 + 01
1.05896+02

r
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03
5.00006-03

Choose Weights Q, R, V, W
Solve Riccati Equation (Initial LQG)
Evaluate Stability Robustness

Input Target HL Norm
Make Minimum Norm Correction
Resolve Estimator Riccati Equation
Recompute HL Norm

Re(X)
-1.1930s -01
-6.48396-01
-1.25586+00
-7.72426-01
-1.3739e + 00
-1.1019s +00
-2.63446+00
-3.0510s -01
-6.25786-01
-7.24036-01
-2.84176+00
-4.98356-01
-1.4255s -01
-1.0921s +01
-4.02296+00
-1.3703s +00
-8.57006-01
-1.2685s +00
-1.9012s -01
-1.7578s + 01
-1.8337s +00
-2.57076-01
-1.4586s + 01
-1.2590s -01

2.75446-02
-1.0519s -01
-1.2215S-01
-1.3186s-01
-1.1679s -01

3.37006-02
-6.04736-02

2.67586-01
-4.49916+01

4.10386-02
8.80846-01
2.11536+00

-2.8841s -01
-3.72006-01

Im(X)
±9.19746-01
±9.60036-01
±6.72206-01
± 1.2000s +00
±6.84556-01
± 1.2059s + 00

0.00006 + 00
±4.65106 + 00
±4.63646+00
±4.64136 + 00
±4.56286 + 00
±5.47416+00
±9.25916+00

0.00006 + 00
± 1.0233s + 01
± 1.0927s +01
±1.18496 + 01
± 1.4249s +01
± 1.4463s + 01

0.00006 + 00
± 1.7483s + 01
± 1.7845s +01
±1.1288s + 01
±2.52336 + 01
±2.55276+01
±2.64486+01
±2.83396 + 01
±3.46326+01
±3.88856+01
±3.94576 + 01
±4.11756+01
±4.20366+01

0.00006 + 00
±4.6447 e + 01
±5.25816+01
±5.64336+01
±7.84716+01
± 1.0592s +02

CO

9.27446-01
.15856+00
.42446+00
.42716 + 00
.5350e +00
.63356+00

2.63446 + 00
4.66106+00
4.67856 + 00
4.69746+00
5.37546+00
5.49676 + 00
9.26026+00

.09216 + 01

.09956+01

.1012s+01

.18806 + 01

.4305^ + 01

.4465e + 01

.7578e+01

.7579^+01

.7847e+01

.8444^ + 01
2.5233e+01
2.5527e + 01
2.6449e+01
2.8339^ + 01
3.4633e+01
3.8885e + 01
3.9457e+01
4.1175S+01
4.2037^+01
4.4991e+01
4.6447e+01
5.2588e+01
5.6473e + 01
7.8471e+01
1.0592s +02

r
1.2863s -01
5.5969e-01
8.8164e-01
5.4124e-01
8.9505e-01
6.7456e-01
l.OOOOs +00
6.5457e-02
1.3376s -01
1.5413s-01
5.2865e>-01
9.0663e-02
1.5394s -02
l.OOOOs +00
3.6589e-01
1.2443s -01
7.2136e-02
8.8677e-02
1.3 144s -02
l.OOOOs +00
1.0431s -01
1.44046-02
7.9085^-01
4.98946-03

-1.07906-03
3.97706-03
4.31026-03
3.80736-03
3.00336-03

-8.54096-04
1.46876-03

-6.36546-03
1.00006+00

-8.83546-04
-1.67506-02
-3.74576-02

3.67546-03
3.51196-03

Fig. 3 Design strategy for LQG controller with //«> norm constraint.

analytical sensitivities are computed. Although convergence to
a global minimum is not guaranteed, the goal attainment pa-
rameter can be chosen (iteratively if necessary) to control con-
vergence. As a rule-of-thumb in the selection of target //«,
norms, larger steps can be taken if in the past few steps, linear
corrections gave accurate predictions.

The iteration histories for the weighted transfer function are
shown in Fig. 4. The optimization required 94 iterations to
converge to a near-local minimum. This is evidenced by small
values for the gradients. Figure 4 shows the maximum singular
value plot only at a few intermediate stages. The initial LQG
controller corresponds to an //«, norm of 55.6, whereas the
optimized LQG gave a value of 1.33, i.e., almost satisfied the
original requirement of 1. As expected, the maximum singular
value plot is considerably flattened out with the minimization
iterations. Obviously, better controllers are expected if more
design variables are used.

The iteration histories for the real component of the closed-
loop eigenvalues for the full-order model (50 states) are shown
in Fig. 5. It can be seen that initially, a few higher frequency
modes are unstable, but they are stabilized as the iteration
progresses. On the other hand, several lower frequency modes
lose their initially large stability margins but remain stable.
Tables 2-4 show the open-loop eigenvalues for the full-order
model, the closed-loop eigenvalues of the full-order model
with initial LQG controller, and the closed-loop eigenvalues of
the model with the optimized LQG controller, respectively.
The initial open-loop system is all stable with a low damping
ratio of 0.5% (see Table 2). The initial LQG very well damps
the first 11 modes to which it is designed, but 6 high frequency
modes are destabilized (see Table 3). The optimized LQG con-
troller avoids the high frequency spillover, but the damping of
the first 11 modes is reduced as compared to the initial LQG
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Table 4 Closed-loop eigenvalues with H«> norm constraint

Re(X)
-1.1930e-01
-4.8426e -03
-4.8761e-03
-1.0109^+00
-1.1036e+00
-7.6998e>-01
-1.3918e+00
-2.0915e+00
-2.2981e-02
-3.0657^-01
-1.0800^ + 00
-7.26176- -01
-6.89806? -01
-4.9618e-01
-1.42526? -01
-9. 13776? -02
-1.3696*? +00
-1.65266? -01
-8.57336? -01
-7. 23006? -02
-1.90176? -01
-8.91756? -02
-2.5491e-01
-1.26806? -01
-1.43766? -01
-1.33526- -01
-1.02156? -01
-1.76606? -01
-1.82006? -01
-2.06326? -01
-1.9716e-01
-1.07106? -01
-1.99296? -01
-2.66846- -01
-2.881l6?-01
-7.09476? + 01
-3.73276? -01
-5.21606? -01

Im(X)
±9.19736? -01
±9.36546? -01
±9.75216? -01

0.00006? + 00
O.OOOOe +00

±1.19626? +00
±6.78836? -01

0.00006? +00
±4.5871e + 00
±4.6481 6? + 00
±4. 57596? +00
±4.65416? +00
±5. 40636? +00
±5. 47846? + 00
±9.25866? + 00
±1.0921^ + 01
±1.0919e+01
±1.1830e+01
±1.1840e+01
±1.4460e + 01
±1.4459e + 01
±1.7835e + 01
±1.7834e + 01
±2.5225e+01
±2.5344e+01
±2.6426e+01
±2.7616e+01
±3.4575e+01
±3.8839e+01
±3.9188^+01
±4.0703^+01
±4.1938^+01
±4.6352e+01
±5.2110^+01
±5.6341^+01

O.OOOOe+00
±7.8456e+01
±1.0589e+02

(j)
9.2744e-01
9.3655e-01
9.7522e-01
1.0109e+00
1.1036e + 00
1.4225e+00
1.5485^+00
2.0915e + 00
4.5872e + 00
4.6582e+00
4.7016e + 00
4.7104e + 00
5.4502e+00
5.5008e+00
9.2597e + 00

.0921^+01

.1004^+01

.1831^ + 01

.1871^+01

.4460^+01

.4461e+01

.7835^ + 01
1.7836e+01
2.5226e + 01
2.5345e+01
2.6426^+01
2.7617e + 01
3.4576e + 01
3.8839e+01
3.9189e+01
4.0703e+01
4.1939e+01
4.6352e + 01
5.2110e + 01
5.6342^ + 01
7.0947e +01
7.8457e+01
1.0589e+02

r
1.2864^-01
5.1706^-03
5.0000e-03
l.OOOOe+00
l.OOOOe+00
5.4127e-01
8.9879e-01
l.OOOOe+00
5.0098e-03
6.5813e-02
2.2971e-01
1.5416e-01
1.2656^-01
9.0201 e- 02
1.5391e-02
8.3667^-03
1.2446e-01
1.3969^-02
7.2220e-02
5.0000e-03
1.3151e-02
5.0000e-03
1.4292e-02
5.0267e-03
5. 6722e -03
5.0526e -03
3. 6990e -03
5.1076e-03
4.6860e-03
5. 26486? -03
4.8439e-03
2.5537e-03
4.2994e-03
5. 1207 e- 03
5.11356?-03
l.OOOOe+00
4.75776? -03
4.9256e-03

controller (see Table 4). Assuming that the lower frequency
modes are the modes to be controlled, these results clearly
demonstrate the tradeoffs between nominal performance and
stability robustness.

Figure 6 shows the maximum singular value a(A) of the
additive uncertainty A from the truncated high frequency
modes; the corresponding upper-bound low-order polynomial
p(s)\ and the initial and final stability robustness of the LQG
controllers, \/o(K(I-GK)~l). The upper-bound polynomial
is chosen as

's + 500\
s +45/

(18)

which satisfies |/?(y'co)| >a(A(yo))). The polynomial is chosen
to have a small positive gain at zero frequency instead of
rolling off like the uncertainty A(s). This choice is typically
necessary in real applications where sensor bias and uncer-
tainty in the feedforward term exist for accelerometers.13 This
added robustness may lead to a slightly lower performance at
low frequencies. It can be seen that, for the initial LQG con-
troller, the stability robustness condition is severely violated,
whereas the optimized LQG controller satisfies the robustness
condition over nearly all frequencies.

The maximum singular values for the compensator and its
loop gain matrix are shown in Figs. 7a and 7b. The control
bandwidth is significantly smaller for the LQG controller with
improved robustness. The controller activity is therefore
significantly reduced with increasing frequency. The expected
drop in performance at lower frequencies is clearly indicated
by the decrease in the damping of the structural modes, some
of which were close to the uncontrolled modal response.

10 10° 10
Frequency (rad/sec)

Fig. 4 Iteration history for the weighted robustness constraint.
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Fig. 5 Iteration histories of real components of full-order closed-
loop eigenvalues.
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Fig. 6 Model uncertainty and stability robustness.
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Fig. 7 Frequency response: a) LQG compensator and b) loop gain.

V. Conclusions
An analytic formula was derived for the sensitivity of singu-

lar value peaks to parameter variation. Conditions were given
under which this formula may be used to find the sensitivity of
the //oo norm to parameter variation. In the event that this
function was the transfer function of a linear system whose
matrices depend on a parameter, an expression for a derivative
of the transfer function needed in the sensitivity formula was
derived in terms of the linear transfer function matrices and
their derivatives. An algorithm for efficient calculation of sin-
gular value peak sensitivities was outlined. The sensitivity for-
mula was validated by comparing its results to sensitivities
estimated by numerical differencing. A control design example
was given to show how the sensitivity formula can be used to
improve the stability robustness of a feedback control system
quantified as an //«, norm.
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